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Abstract

Counterfactual causal quantities cannot be observed, but researchers can use statistical pro-
cedures — namely, estimators and hypothesis tests — to draw inferences from data that can
be observed. In this chapter, we present a unified account of estimation and testing for causal
inference, showing how a study’s research design can provide a foundation for both estimators
and tests. We show how certain characteristics of research designs can justify claims that
a given estimator or test has “good” properties (e.g., unbiasedness, consistency, controlled
error rates). We develop ideas first in the context of a randomized controlled experiment.
In that context, we juxtapose estimation of and tests about causal effects and then provide
an explicit comparison of Fisherian and Neymanian hypothesis tests. We then extend our
analysis to research designs that are either partially controlled (e.g., experiments with non-
compliance and/or attrition) or uncontrolled (e.g., observational studies). We show the ways
in which knowledge and assumptions about research design — as well as assessments of how
inferences would change were these assumptions to be false — constitute a reliable basis for
causal inference. We conclude by discussing the value of design-based causal inference in light

of recent debates on its role in social-scientific inquiry more broadly.



1 Design-Based Causal Inference

No one knows the true causal effect of an intervention. In an experiment, a researcher can assign
some units to treatment and others to control; yet, one cannot see how treated units would
have acted were they assigned to control nor how the control units would have acted were they
assigned to treatment.! In the face of this fundamental ignorance, statisticians have developed
two prominent approaches to inferring unobservable causal effects using data that can be observed.
An analyst can either (1) generate a guess about (usually average) treatment effects or (2) posit
a hypothesis about the effects of a treatment (such as the hypothesis that a treatment had no
effects) and then assess the consistency of observable data with that null hypothesis relative to a
class of alternative hypotheses (such as the hypothesis that a treatment had a positive effect).

In what follows, we will define criteria by which a procedure qualifies as “good” in the context
of both estimation and testing, and subsequently explain the role research design plays in whether
estimators and tests satisfy these criteria. We consider estimators and tests about causal effects,
first, in the context of a randomized study design under full control of the researcher and, second,
in cases in which the researcher does not fully control the study design. We show the ways in which
either complete knowledge or assumptions (and the ways in which they could be violated) about

the study design constitute what Fisher (1935) referred to as a “reasoned basis for inference.”

2 Causality and Research Design

2.1 Defining Causal Effects

Consider a study in which there is a finite population of 1, ..., N units and the index ¢ € {1,..., N}
runs over these units. Each individual, 7, can be in either the treatment condition, z; = 1, or the
control condition, z; = 0. Under the Stable Unit Treatment Value Assumption (SUTVA) (Cox,
1958; Rubin, 1980, 1986), each individual has a treated potential outcome, y;; (unit i’s outcome
if given the intervention), and a control potential outcome, y., (unit i’s outcome if not given the

intervention).? An individual causal effect, 7;, for each of the i € {1,..., N} units is a function of

"Holland (1986, 947) refers to the inability to observe both potential outcomes for a single unit at the same
moment in time as the “fundamental problem of causal inference.”

2For simplicity, we consider studies in which there are two conditions—treatment and control—although the
same general principles apply to studies with multiple conditions (see Dasgupta et al., 2015).



each unit’s two potential outcomes, 7; = f (ym-, ytvi), such as, 7; = ;’t Or T; = Yi;—Ye,i- For example,

c,t

for this paper, we focus specifically on the additive, individual causal effect defined as 7; = v;; — y.-
Researchers, however, can never observe both potential outcomes for each unit; instead, one can
observe only y;, which can be equal to either y.; or y;; depending on whether unit ¢ is assigned to
treatment (z; = 1) or control (z; = 0). We therefore represent observed outcomes by the function
vi = Ziyri + (1 — 2) y.;. For example, researchers may want to make an inference about the

1,..., N individual causal effects, which we collect into the vector 7/ = [71 Ty v TN] , or about

a function of these individual causal effects, such as the average causal effect, 7 = (%) f) 7;- We
say that researchers want to “make an inference” because neither 7 nor 7 can be directlyz;lloserved.
Researchers, of course, don’t simply want to “make an inference”; they want to make inferences
that can reliably track the true causal quantity of interest. This chapter shows how inferential
procedures based on the research design can have such a reliable relationship with true causal

quantities and explains what it means for a procedure to be “based on research design.”

2.2 Defining a Research Design
At its most basic level, a research design refers to the process by which units come to be in one
study condition instead of another, i.e., each z; comes to equal 1 or 0. More formally, we denote
the collection of the values of z; for all i € {1,..., N} units by the vector z’ = [21 e ZN} and
define a research design as (1) a set of possible ways (events) in which the whole vector z could
occur and (2) a probability distribution on this set of possible events. In a controlled study design
(i.e., an experiment), we think of a researcher as “assigning” conditions to all units in the study.
When a researcher does not control how a unit ¢ takes on a value of z;, we think of that unit as
“selecting” into its own condition. As we lay the groundwork of concepts and notation, we write
“assignment” and assume control by the researcher, but we will apply the general framework later
to uncontrolled research designs in which units “select” into study conditions.

The set of possible ways in which z occur depends on the process by which units are assigned to
study conditions. If individuals can be in either the treatment or control condition irrespective of
any other individual in the population, then we call this process individual assignment. As a simple

example consider the “coin flip” assignment process: In this case, the proportion of N individuals



in either the treatment or control condition can vary across different assignments. We refer to this
process as simple individual assignment. A researcher can implement simple, individual assignment
via an actual physical, stochastic process, such as N flips of a (potentially biased) coin, although
in practice researchers will typically use random number generators (RNGs).

Under completely unconstrained simple, individual assignment, the number of units in the
treatment condition can range from 0 to N and the number of units in the control condition
can likewise range from N — 0 to N — N. For example, in an experiment with 6 units, simple,
individual assignment can allow 0, 1, 2, 3, 4, 5 or 6 units to be in the treatment and control
conditions, respectively. More formally, we write the set, €2, of possible ways that a researcher can

assign all individuals to study conditions as follows:

0 1 0 1 0 1
0 0 1 0 1 1
(1) Q={0, 3" = [ (sl ] ]
0 0 0 1 1 1
0 0 0 1 1 1

We can write the number of possible assignments in the set 2 by || (the “cardinality of Omega”),

under simple assignment as follows:

= () () (V) (3)

- ()

ne=0

where n;, = vazl z; is the number of units in the treatment condition, which can range from 0

to N, and (TJZ ) = (N+:)'m' is the number of ways to choose n; units from a total of N units.

Conversely, n, = Zf\il (1 — 2;) is the number of units in the control condition, which can range
from N — 0 to N — N. In practice, researchers who control the assignment process will typically

forbid assignments in which all units are in either condition (the first and last assignments in

Equation (1)), in which case |Q] = > (:Z)
ni=1

The ”coin flipping” design helps us introduce the formal elements of a research design. In



practice, individual coin flips can lead to lopsided designs in which many units are in one condition
or another. An alternative design that enables the researcher to control the numbers of units in
each condition is complete assignment.

Complete, individual assignment differs from simple, individual assignment only in that the
value of n; is fixed across all possible assignments. We have described simple, individual assignment
via the example of coin flips. Complete, individual assignment can be thought of as draws from an
urn. Imagine, for example, that an urn contains N balls, of which n; are blue balls and N —n; = n.
are red balls. The researcher could draw the first ball from the urn and assign the first unit in the
study to the treatment condition if the ball is blue and to the control condition if the ball is red.
The second draw could follow the same rule for the assignment of the second unit, and so and and so
forth until no more balls remain in the urn. This form of assignment ensures that exactly n; units
are in the treatment condition and N — n; = n, units are in the control condition. More formally,
complete, individual assignment excludes any assignment, z, with more or less treatment units, n,,
than that which is predetermined by the researcher. Therefore, under complete assignment, the
number of possible assignments is simply || = (V).

n

Simple and complete assignment can also happen at the cluster (as opposed to the individual)

level. In this setup, we have not only a set of 1,..., N individuals, but also a set of 1,..., K
K

clusters, where each cluster, k € {1,..., K}, contains ny > 1 individual units and N = >_ n. In
k=1

cluster assignment designs, all of the i € {1,...,n;} units in the kth cluster are assigned to either

the treatment condition, z;;, = 1, or the control condition, z;; = 0. In simple, cluster assignment,

K

kt>’ where k; denotes the number of

the number of possible assignments is given by |Q] = f: (
treatment clusters, although (just as in simple, individﬁ;{] assignment) researchers will typically
ensure that k; ¢ {0, K'}. Under complete, cluster assignment, the number of treatment clusters is
fixed, such that the number of assignments is || = (th ).

Lastly, blocked assignment is when individuals or clusters are assigned (either simply or com-
pletely) to study conditions within blocks, which we index from b € {1,..., B}. Blocks are typically

constructed on the basis of individuals’ or clusters’ values of baseline covariates. Baseline covari-

ates are measured prior to assignment and, hence, their values are fixed regardless of the condition



to which a unit or cluster is assigned. Under simple, individual, block assignment, the number of
B [ Ny—1

possible assignments is [Q2] = [] < > ( T]L\f”,,) , where N is the number of units in block b, n¢
b=1 nt,bzl !

is the number of units in the treatment condition in block b and n.;, ¢ {0, Ny} for all b. Under

Ny
Ntb

complete, individual, block assignment |Q| = ]EI ( ) One can analogously deduce the number
of possible assignments under either simple obrzcomplete cluster, block assignment. As we will
explain in subsequent sections, block assignment carries important implications for properties of
both estimators and hypothesis tests.

Given a set of possible assignments, (2, arising from an assignment mechanism, the remaining
component of a research design is a probability distribution on this set of assignments. In a
uniform, randomized experiment, the probability of each assignment is simply \ﬁl| for all z, whereby
each assignment has an identical probability of realization. Yet the probability distribution on {2
need not be uniform, even in a randomized experiment. Design-based inference means only that
the stochastic properties of estimators and tests be based on this probability distribution on €2,
regardless of whether that distribution is uniform or not. As we now move to discussions of

both estimation and testing, notice throughout that whenever we refer to random quantities, the

randomness of those quantities stems solely from the probability distribution on §2.

2.3 An Illustrative Example

In the sections to follow, we demonstrate our arguments via a simple hypothetical example that
consists of N = 6 units and an individual assignment process (complete, individual assignment)
in which 3 units are assigned to treatment (n; = 3) and to control (n. = 3). Let’s further imagine
that (unbeknownst to the researcher) the 6 units’ potential outcomes and individual causal effects

are as follows in Table 1:

Ye |ye | T
20 | 22| 2
8 |12 4
11110
1015 | 5
14| 18| 4
1 |4 |3

Table 1: True values of y¢, y¢ and 7, where 7; = y;; — ., for the study population



Based on the complete, individual assignment process in which there are N = 6 units and
ny = 3 of which are assigned to treatment, the set of |Q = (g) = 20 possible assignments is given

by Equation (2):

(- 4 - e —
1 |1 o |o
1 |1 o |o
1l o 1o
2) E=2Tol ] o]
of o 1l |1
of o 1 |1
- T T

The assignment one draws from the set {2 determines which potential outcomes one observes.
One can observe treatment potential outcomes only for units assigned to treatment and control
potential outcomes only for units assigned to control. (Recall the function y; = z;y:; + (1 — 2i) Yes,
which determines the potential outcome one observes for each individual i.) As Table 2 shows, for

each of the (g) = 20 possible assignments, there are (g) = 20 corresponding possible realizations

of observed data y:

z1 | ye | vt | y1 | 72 | ye | vt | y2 | z19 | ye | v¢ | y10 | 720 | Ye | vt | y20 |
1 |7 |22 22 1|7 |22 2 0 20 | 7 | 20 0 20 | 7 | 20
1|7 |12 12 1|7 |12 12 0 s |7 |8 0 s |7 |s
1|72 |11 |1 0 |11 |? |11 1 7 11| 1 0 1m]7? |11
0o |10 |7 |10 1 |7 |15] 15 0 10?7 |10 1 7 |15 ] 15
0 |14 |7 | 14 0 |14 |7 | 14 1 7 |18 | 18 1 7 | 18 | 18
o |1 |? |1 o |1 |2 |1 1 7 |4 |4 1 7 |4 |4

Table 2: All possible realizations of experimental data from a completely randomized study with 6 units
and 3 treated units.

Only one such possible realization of data in Table 2 can be observed, but, knowing that
there are 20 possible realizations, allows the researcher to use procedures—e.g., estimators or
hypothesis tests—to make inferences about unobservable causal quantities based on the single
observed realization. We want procedures for drawing causal inferences to have properties that are
“good” (a notion that we will define more precisely in later sections). These properties describe
or measure a procedure’s performance in two contexts: (1) studies with a fixed, finite population
and (2) a hypothetical scenario in which the size of a given study increases towards oo, while all
other relevant factors remain constant. We refer to the latter context as one of asymptotic growth,

which we conceptualize below.



If we have an experimental pool of 6 units, that are not a sample using a known procedure from
a well-defined population, what does “asymptotic growth” mean? We follow Brewer (1979) and
Middleton and Aronow (2015) in using the idea of “copies” as a way to talk about how estimators
and tests behave as study sizes increase. In short, this conception of asymptotic growth states
that (1) the original population of N units is copied h — 1 times; (2) within each of the h copies,
exactly n; units are assigned to the treatment condition and the remaining n. = N — n; units are
assigned to the control condition; (3) the h copies are then collected into a single population with
hN total units, hn, treated units and hn. control units.

In the context of our working example, this conception of growth stipulates that the study
population of N = 6 units is embedded in a sequence of populations of increasing sizes in which

the initial population is simply copied A — 1 times:

ye | ye | T

20 | 22 | 2

8 |12 | 4

Ye [ ye | T 11 |11 | 0

g |12 |1 14 | 18 | 4

ye | ye | T 11110 L |4 |3

20 | 22 | 2 10 115 |5 20 | 22 | 2

8 |12 |4 14 118 | 4 8 |12 |4

ye | ye | T 111110 L |4 |3 11 110
20 | 22 | 2 10|15 |5 2 | 22 | 2 10|15 |5
g |12 |1 14 | 18 | 4 g |12 |1 14 | 18 | 4
11 |11 ] 0 L[4 |3 11 |11 ] 0 L |4 |3
10|15 |5 20 | 22 | 2 10|15 |5 20 | 22 | 2
14 | 18 | 4 g |12 |1 14 | 18 | 4 g |12 |1
114 13 11 |11 ] 0 L |4 |3 11 |11 0
10|15 |5 20 | 22 | 2 10|15 |5

14 | 18 | 4 g |12 |1 14 | 18 | 4

1 |4 |3 1l lo 1 |4 |3

L 14 13 1 |11 0

10 |15 | 5

14 | 18 | 4

1 |4 |3

Table 3: Finite populations under asymptotic growth in which h € {1,2,3,4,...}

Notice that over this sequence of increasing finite populations in Table 3, all relevant factors
other than N remain constant: The proportions of treatment and control units remain fixed, the
mean of control and treatment potential outcomes remain fixed, as do their variances and their
covariance. Notice, however, that the number of possible assignments increases over this sequence

of increasing finite populations from (g) =20 to (162) =924 to (198) = 48620 to (?3) = 2704156 and



so forth.

We will show that, in either the finite context—given in Table 1—or in the asymptotic context—
given in Table 3—whether a procedure is “good” depends on whether it maintains fidelity to the
research design—i.e., the probability distribution on the set €. In other words, we will show that,
in a randomized experiment, a “good” procedure is one that heeds the dictum of Senn (2004, 3729)

who, in the voice of R. A. Fisher, states that “‘[a]s ye randomise so shall ye analyse.””

3 Estimation

As we have mentioned above, no one can observe both potential outcomes for any given unit in
a given study population. One can, however, generate a guess about some function of the study
population’s individual causal effects (e.g., the mean causal effect) using observed outcomes. We
call this unobservable, causal quantity the estimand. The estimator, by contrast, refers to the
procedure that generates a guess about the estimand. An estimate is the actual output of the
estimator once it is applied to a given data set.

N
One estimand is the mean causal effect, 7 = (%) >~ 7, which, to return to the example from
i=1
Table 1, is T = 2%%;# = 3. A procedure for generating a guess about 7 is the Difference-in-

Means estimator, which we can define in terms of observable quantities as follows:

Z'Y (1-2Z)Y

7 (1-2)y(1-127)
(3) 1 N 1 N
= | — | D zYi—- | +— (1-2)Y.
Z;, | =1 S —2) | =t

i=1 =1

In the example from Table 1, the random variables® of Z and Y can take on any of the possible
values, (z1,y1), -, (220, ¥20), given in Table 2. If we apply the estimator in Equation 3 to the

possible realizations of data in Table 2, then there are 20 possible estimates that correspond to

3To distinguish between fixed quantities and quantities that can take on different values with certain probabilities
(i.e., random quantities), we now use uppercase letters for random quantities and lowercase letters for fixed or
realized quantities.



each of the 20 possible realization of data:
7% (zl,yl) = 66667, 7% (ZQ,yQ) = 76667, ey, 7% (Zlg,ylg) = —16667, 7% (Zgo,y'gg) = —0.6667.

The researcher can observe only one of these 20 possible estimates and this single estimate should
be generated by an estimator that is “good.” More specifically, three “good” properties of an
estimator are unbiasedness, consistency and precision. An unbiased estimator is one in which,
although any single estimate may be close to or far from the true value of the estimand, the
expected value of the estimator—i.e., the probability-weighted mean of all possible estimates—
is equal to the value of the estimand. Consistency states that, as the number of units in the
study increases asymptotically, holding all other factors constant, the probability distribution of
an estimator concentrates increasingly around the truth. (For any fixed € > 0, the probability that
the estimate and its target differ by no more than ¢ tends to 1.) Lastly, a precise estimator is one
in which the expected distance of an estimate from the true causal effect is small.

In the following discussion, we show the role that research design plays in whether the Difference-
in-Means estimator is unbiased, consistent and/or precise with respect to the estimand 7 =
<%> évj 7;. We also show how designs can yield estimators that are more or less precise. Re-
searcflzelrs may want to estimate quantities other than 7. Although we do not discuss such cases,
the general principles for determining whether an estimator is unbiased, consistent and/or precise
with respect to the causal quantity of interest is the same: Researchers can define an estimand
that they seek to infer, define an estimator by which they would estimate this quantity under all
possible realizations of data, and subsequently assess whether this estimator is unbiased, consistent

and/or precise based only on the probabilities with which possible data are realized.

3.1 Unbiasedness
We now show that a “good” estimator of the unknown estimand, 7, is the estimator given in

Equation (3), 7(Z,Y). In particular, we will show that this estimator satisfies the criterion of

4When the numbers of treatment and control units are not fixed, such as in simple, individual assignment, the
Difference-in-Means estimator remains unbiased in a uniform randomized experiment so long as at least one unit
is always in the treatment and control conditions, respectively. In general, when the numbers of treatment and
control are not fixed, the Difference-in-Means estimator is not necessarily unbiased, such as in cluster uniform
random assignment when clusters are of unequal sizes (see Middleton and Aronow, 2015).



no systematic error—i.e., unbiasedness—in a uniform randomized experiment when the numbers
of treatment and control units are both fixed.* Whether the Difference-in-Means estimator is
unbiased with respect to 7 depends solely on the known research design, i.e., whether or not there
is a uniform probability distribution on the set of assignments.

Returning to the example from Table 1, recall that if we apply the estimator in Equation 3 to
the possible realizations of data in Table 2, then there are 20 possible estimates that correspond

to each of the 20 possible realizations of data:
7% (Zl,yl) = 666677 7% (ZQ,YQ) = 76667, cee 7% (Zlg,ylg) = —16667, 7% (Zgo,ygo) = —0.6667.

Informally, an unbiased estimator produces a guess about the estimand with no systematic error.
Slightly more formally, an estimator is unbiased if the average of all possible estimates is equal
to the true value of the estimand. This average of estimates, however, must be weighted by the
probabilities of observing each possible estimate; we call this average the “expected value” and
denote the expected value of the Difference-in-Means estimator by E [? (Z, Y)} .

To calculate the expected value of the Difference-in-Means estimator to assess properties like
bias and consistency, we need to know the probability associated with each of these 20 possible
estimates. We know that the estimator is a function of two random quantities, Z and Y, but
Y inherits randomness only from Z since Y; = Zyy; + (1 — Z;) ye; for all i € {1,..., N} units.

Therefore, the probability that one would see each estimate depends only on Z. So, we calculate

the expected value of the estimator in general as follows:

E [? (Z,Y)} =7(z,y1)Pr(Z=2))+ - +7 (Z|Q|,ym|> Pr <Z = Z\Q|> .

In the context of the running example, there are 20 possible estimates corresponding to each of

the zq, ..., 29 possible assignments, and the probability of each of those possible assignments is

10



%. Therefore, the expected value of the Difference-in-Means estimator is:

E |7 (Z,Y)| =7 (21,y1) Pr(Z = 21) + -+ + 7 (220, y20) Pr (Z = 720)

1 1
= 6.6667 (%) + -+ —0.6667 (%)

= 3.

In this example, the expected value of the estimator, E [? (Z,Y)], is exactly equal to the true
mean causal effect, 7. The estimator is unbiased given the design. If Pr(Z = z) did not equal %
for all z—i.e., if some assignments were more or less probable than others—then the Difference-
in-Means estimator might not be unbiased. In general, the equality between E [7% (Z,Y)] and T
holds when (1) units are assigned to study conditions as individuals (not as groups, i.e., clusters),
(2) there is always at least one unit in the treatment condition and one in the control condition
and (3) each possible assignment has an identical probability of realization. In other words, the
Difference-in-Means estimator is unbiased with respect to the mean additive causal effect in a
uniform randomized experiment under either complete, individual assignment or simple, individual
assignment so long as there is always at least one unit in each of the study conditions.

Notice that the Difference-in-Means estimator did not require large numbers of units or assump-
tions about the distributions of potential outcomes to be unbiased. The potential outcomes could
be any set of values and the property of unbiasedness would still hold. However, the unbiasedness
property did require that there be a uniform probability distribution on the set of possible assign-
ments. But in a controlled research design, like a randomized experiment, the researcher knows

whether or not this condition is true.

3.2 Consistency

“No systematic error” is not the same as “close to the truth.” 7, 36 explains the need for another
conception of “good” estimator when he writes, “[unbiasedness is too weak a property, since it
says nothing about approximating the truth.” While we know that an unbiased estimator yields
estimates that are, on average, equal to the true value of the estimand, any single estimate might

be far from the truth. For example, in our running example, not one of the 20 possible estimates

11



is actually equal to the true mean causal effect of 7 = 3, even though the probability-weighted
average of those 20 estimates is equal to 3. Another “good” characteristic of an estimator is to
produce values close to the truth, especially as the size of the experiment grows larger, while other
factors remain constant, and more information is supplied to the estimator from the design.

In contrast to unbiasedness, consistency states that as the number of units in the study grows
asymptotically, holding all other factors constant, the probability of an estimate within an arbi-
trarily small distance, €, from the truth is equal to 1. More formally, we can define consistency as
follows:

(4) lim Pr (

h—o0

%(z,Y)—f‘ <5> —1foralle >0
or equivalently as

(5) lim Pr (%(Z,Y) e (7"—8,7"4-5)) — 1 for all £ > 0,

h—o00

where, referring back to the conception of asymptotic growth in Table 3, A is the number of copies
of the original finite population from Table 1.

To unpack Equations 4 and 5, Figure 1 shows what happens to the distribution of the Difference-
in-Means estimator under complete random assignment as h — oo:

The general trend is that the probability of estimates close to the true mean causal effect, 7 = 3,
grows larger and larger and ultimately converge in probability (over the sequence of increasing finite
populations) to 1. For example, following Equation (5), consider the probability that an estimate
lies on the interval (3 —¢,3 +¢) and let ¢ = 1. The respective probabilities of an estimate on
this interval for h € {1,2,3,4} are 0.1, 0.2359, 0.2559 and 0.2994, and as h — oo that probability
tends to 1. This property holds for ¢ = 1 as well as for any positive value of ¢ that one could
choose. For example, we could have let £ = 0.5, in which case the corresponding probabilities for
h € {1,2,3,4} are 0.1, 0.1234, 0.1522 and 0.1643, and the limiting probability as h — oo is also 1.

In this particular case, consistency follows (in part) from unbiasedness. As the size of N

increases towards oo, while all other factors remain constant, the probability of an estimate arbi-

12
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Figure 1: Distribution of Difference-in-Means estimator as h — co

trarily close to the estimator’s expected value is equal to 1. Unbiasedness ensures that the expected
value of the estimator is equal to the true value of the estimand. Therefore, as the size of the study
population grows towards oo, the estimator produces a value arbitrarily close to the truth (not
just to the estimator’s expected value) with probability 1. Both the unbiasedness and consistency
of the Difference-in-Means estimator, moreover, arise solely from the research design. Even though
the distribution of the estimator starts to look more and more Normal as the size of the study
population increases to oo, we made no such distributional assumptions to show the estimator’s

unbiasedness and consistency.

3.3 Precision

While unbiased and consistent estimators are desirable, such estimators may yield estimates far
from the truth with high probability in actual experiments with fixed study populations. One
estimator is more precise that another estimator for a given study design if it produces estimates
that are closer to the truth on average. In other words, a “good” estimator also has a low variance;
in our case, a more precise estimator than the Difference-in-Means would make the 20 possible
estimates in Table 2 closer to the true mean causal effect, on average. We now consider, first, the
factors that make the Difference-in-Means estimator produce guesses with lower expected distance

from the true mean causal effect and, second, the procedure one can use to conservatively estimate

13



the variance of the Difference-in-Means estimator.
Neyman (1923) derived an exact analytic expression for the variance of the Difference-in-Means

estimator based solely on the research design of a randomized experiment as follows:

1 no2 N —n) o?
(6) O’g e < t Ye +< t) Yt +20_yc7yt>’

T N -1 Ne ¢

2
Ye

2

where o
Yt

is the variance of control potential outcomes, o2 is the variance of treated potential
outcomes and oy, ,, is the covariance of control and treated potential outcomes.
Equation 6 suggests that one can increase the precision of the Difference-in-Means estimator

(i.e., reduce the estimator’s variance) by increasing the number of treatment units and/or the

2

number of control units. Precision can also increase by decreasing the variances of treatment, oy ,

and control, O'ZC, potential outcomes. For a simple and clear account of the factors that increase
precision, see Gerber and Green (2012, Section 3.2).

A standard design choice that researchers can make to increase precision is by blocking. That is,
a researcher can, first, construct blocks that are similar in terms of covariates related to potential
outcomes and, second, assign units to study conditions within blocks. Blocked assignment works
by excluding assignments that yield estimates far from the true mean effect, on average. To see
this point, we return to the example in Table 1 and introduce x, which is a vector of baseline
covariates, x;, for all ¢ € {1,..., N} units. The vector x is a fixed quantity that is measured for

all units prior to assignment; hence, x cannot change as a function of whichever assignment is

realized.
Ye | Y2 | T [ X
201221211
8 1214 |1
11 (111010
101515 |1
141814 |1
1 4 1310

Table 4: True values of y¢, yt, T and the baseline covariate x

From Table 4, we can see that x is related to both y. and y;. The treatment potential outcomes
are greater, on average, among units whose baseline covariate values are equal to 1 compared to

units whose baseline covariate values are equal to 0. The same is true for control potential outcomes.
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If the researcher puts units whose covariates values are equal to 1 in one block and units whose
covariate values are equal to 0 in another, and then assigns half of units to treatment and control

within blocks, the set of possible assignments, €2,, would be as follows:

( - - - - I —
1 1 0 0
1 1 0 0
1 0 1 0
(7) Qb_ ol ol 11011
0 0 1 1
0 1 0 1
\ — ~ - - - =)

The set €2, above has only 12 possible assignments as opposed to the 20 possible assignments
in Equation 2 under complete random assignment without blocks. In particular, the assignments
of 22,23, 27,23, 213, Z14, Z13, Z19 € §) are excluded from (2.

Figure 2 shows the eight estimates corresponding to the eight assignments that were included
in unblocked assignment, but excluded in blocked assignment. On average, these 8 estimates are
farther from the true mean effect than are the other 12 estimates. More concretely, the average
squared distance of the 8 excluded estimates from the truth is 36.91667 and the same average
squared distance of the 12 included assignments is 18.12963. Hence, this blocked design increases
precision by reducing the probability (to 0) of estimates that are, on average, far from the truth

and increasing the probability of estimates that are, on average, closer to the truth.’

®Note that, if treatment assignment probabilities differ across blocks (but are uniform within blocks), then
the standard Difference-in-Means estimator may be biased. In such cases, an unbiased estimator would be the
Difference-in-Means estimator that generates an estimate within each block and subsequently weights each block-
specific estimate by the proportion of units in that block.
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Difference—in—Means Estimates

Figure 2: Distribution of Difference-in-Means Estimates under (1) unblocked and (b) blocked Assign-
ment

Thus far, we have focused on design choices that can decrease the variance of the Difference-in-
Means estimator. But note that the variance of the Difference-in-Means estimator is, like the true
mean causal effect, a fixed, unobservable quantity. As we can see from Equation (6), the variance
of the Difference-in-Means estimator depends on the variance of treatment and control potential
outcomes, as well as their covariance, none of which can be directly observed. We need a “good”
procedure by which we can estimate the variance of the Difference-in-Means estimator if we are to
reasonably infer the precision of the Difference-in-Means estimator. We will use such a variance
estimator in the context of not only evaluating estimators, but also hypothesis testing.

One can unbiasedly estimate two of the three unknown quantities in Equation 6. Follow-
2

respectively, are: 6; =

ing Cochran (1977, Theorem 2.4), unbiased estimators of o2 and o2 i

Ye yt?
_ - L\ 2 . _ ” . \2
<#_11)> > (yci — uyc) and ajt = (mﬁt—ll)) > (yti — ,uyt) , where n. = n — n;. We cannot
©2;=0 i:Z;=1
write an unbiased estimator for oy, ,, since no two potential outcomes for any unit can be jointly
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observed. Neyman (1923) noted, however, that one could use a conservative procedure for esti-
mating the quantity in Equation 6 by assuming the largest possible value of 20,_,,, which, by the
Cauchy-Schwarz inequality and the AM-GM inequality (i.e., inequality of arithmetic and geometric
means), is o, + 0y,

After substituting 056 +U§t for 20, ,,, the analytic expression for the variance of the Difference-

. . . _ 2 2 .
in-Means estimator (assuming 20, ., = 0, +0},) is

2 2
1 N0y, 4 (N _nt) Ty, + 02 4 o2 7
N — 1 (N — nt) ng Ye vt

which can be simplified to

N o2 o2
8 e ]
(8) N -1 (nc Ty
Now there are only two unknown quantities in Equation 8, each of which can be unbiasedly

estimated. Hence, one can now unbiasedly estimate the quantity in 8 via the conservative variance

estimator of

9) &

R \)

A2 A2
N—-1\n, ny

This estimator is conservative because, since it unbiasedly estimates the quantity in (8), its ex-
pected value is equal to or greater than the true variance of the estimator given in (6).°

Thus far, we have explained the role that research design—i.e., the probability distribution on
the set of assignments, (2—plays in determining whether estimators are unbiased, consistent and
precise. We have also explained how one can infer the variance of an estimator via a conservative
procedure. We have used a simple example of complete, uniform assignment to illustrate these

points; yet an estimator that is unbiased, consistent and/or relatively precise in this design may not

be so in another design. For example, the Difference-in-Means estimator is not necessarily unbiased

6Recent work has derived a consistent estimator for an upper bound on the term 20y, 4, that is always less than
or equal to O‘SC + O‘Zt (Aronow et al., 2014). Such an estimator enables researchers to more precisely estimate the
the variance of the Difference-in-Means estimator and, as we will discuss later, increase the power of hypothesis

tests about the mean causal effect.
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when there is a non-uniform probability distribution on €2; however, the Horvitz-Thompson (i.e.,
inverse probability weighted) estimator (Horvitz and Thompson, 1952) is unbiased in such a design
(see Aronow and Middleton, 2013). Such design-based inference differs from model-based inferences
in that the former remains reliable without the need to impose a probability model on potential
outcomes or to model the functional form (e.g., a linear model) that links the treatment variable
to potential outcomes. The only probability model in design-based inference is the assignment
process itself, which, in the case of a randomized experiment, is known to be the true model of the

data generating process.

4 Hypothesis Testing

Focusing on 7 engages with the fundamental problem of causal inference by aggregation and 7 can
be shown to be an unbiased, consistent and relatively precise estimator. An alternative approach
begins with claims about causal effects rather than guesses about them, stating hypotheses about
7 or even about individual effects, 7;. This approach, then tests those claims, and so the procedures
that we will assess in this section are properties of tests rather than of estimators. A researcher who
performs a hypothesis test for causal inference first states a null hypothesis about a relationship
between unobserved potential outcomes and a (usually composite) alternative hypothesis, which we
will define more precisely below. The researcher can then assess the probability that the research
design generates data more extreme than the observed data under the null hypothesis, where the
data are summarized via a test statistic that maps the data — the observed outcome, perhaps

adjusted to reflect the implications of the hypothesis, and treatment assignment — to a single

N N
number. For example, ¢(Z;,Y;) could be L | >ZYyi— | +—— | > (1 - Z)Y;, which is

N
>z | i=1 (1-2;) | i=1
=1 1=1

z

the same formula that we labeled 7 in Equation (3) but, in the context of hypothesis testing, is
not an estimator, but a data summary. We call the probability of a test statistic more extreme
than the observed test statistic a probability-value or p-value. Typically, when the p-value is lower
than a pre-specified “significance level” of the test, which we denote by a € (0,1), a researcher
rejects the null hypothesis — meaning that the researcher declares that the observed data are

not consistent with the hypothesis. When the p-value is greater than or equal to the significance
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level of the test, the researcher fails to reject the null hypothesis — meaning that the researcher
declares that there is not enough information to state that the observed data are inconsistent with
the hypothesized state of the world. Sometimes, we talk about hypothesis testing as an attempt to
distinguish signal from noise—a high p-value tells us that we cannot distinguish signal from noise,
and a low p-values tells us that we can do so.

Hypothesis tests are subject to at least two types of errors. One could, first, reject the null
hypothesis when it is true (a type I error) or, second, fail to reject the null hypothesis when it is
false (a type II error). Two features of hypothesis tests related to these two potential errors are
the « size of the test and the power of the test. We now define the « size (as distinct from the «
level) and power of hypothesis tests.

A test’s a level is, in the words of Rosenbaum (2010, Glossary), that test’s “promise” that the
probability of a Type I error (i.e., the probability of a p-value less than o when the null hypothesis
is true) is less than or equal to the « level. The test’s a size, on the other hand, is the test’s true
probability of a Type I error, which, in general, can be greater than, equal to or less than the «
level “promised” by the test. In contrast to the « level and size of a test, a test’s power is the
probability of a p-value less than the a level when the null hypothesis is false. In other words,
power is 1 minus the Type II error probability; hence, as the power of a test increases, the Type
IT error probability decreases.

In the subsections to follow, we first define “good” properties of hypothesis tests. We then
describe tests of causal hypotheses in two distinct traditions traceable to Fisher (1935) (and subse-
quently developed most extensively by Rosenbaum, 2002, 2010), and Neyman and Pearson (1933).
We then explain the role that research design plays in justifying whether tests in either of these

two traditions have good properties.

4.1 What Makes a Hypothesis Test a “Good” Test?

We have already discussed three properties of good estimators—mnamely, unbiasedness, consistency
and precision—but what makes a test of a null hypothesis relative to an alternative hypothesis
a “good” test? Just as we did for estimation, we describe “good” features of hypothesis tests in

the context of a fixed, finite population and in the context of a hypothetical scenario in which a

19



study’s size increases towards oo by increasing the number of copies of the study. The first two
“good” properties (a Type I error probability less than the a level and an unbiased test) refer to the
former context and the third property (a consistent test) refers to the latter context. Informally, a
good hypothesis test should mislead us rarely — it should rarely encourage us to declare that we
have discovered a signal in the noise when no signal exists, and it should often find such signals
when they do exist.

Regardless of the size of a given study population, a hypothesis test ought to, first, control
its « size (true Type I error probability) such that the test’s « size is less than or equal to the
test’s a level. Second, a hypothesis test ought to be an unbiased test (not to be confused with an
unbiased estimator); that is, the probability of rejecting the null hypothesis when it is false and
the alternative hypothesis is true should be at least as great as the probability of rejecting the
null hypothesis when it is true and the alternative hypothesis is false (see Lehmann and Romano,
2005, Chapter 4). Intuitively, we want to reject something that is false and we want to not reject
something that is true. A test that leads us to reject true nulls with greater probability than we
reject false nulls does not yield inferences that track the true causal effect. A good hypothesis test
ought to be an unbiased test in this sense.

Turning now to the asymptotic context described in Section 2.3, a hypothesis test ought to
be a consistent test (not the same as a consistent estimator); that is, as the size of the study
population increases asymptotically while all other relevant factors remain constant, the probability
of rejecting the null hypothesis when it is false and the alternative is true should tend to 1 (see
Lehmann and Romano, 2005, Chapter 11). We now show the role that research design plays in
enabling “good” hypothesis tests in two different design-based traditions, Fisherian (Fisher, 1935)

and Neymanian (Neyman and Pearson, 1933).

4.2 Fisherian Hypothesis Testing
Hypothesis testing in the tradition of Fisher (1935), and later developed most extensively by
Rosenbaum (2002, 2010), assesses the consistency of the observed data with a null hypothe-

sis vis-a-vis an alternative hypothesis. A strong null hypothesis,” which we denote by ¢, pos-

"We use the term “strong” instead of “sharp,” as used by Fisher (1935), to contrast strong null hypotheses with
weak null hypotheses which we discuss below.
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tulates an individual treatment effect for all ¢ € {1,..., N} units in a given study popula-
tion. For example, one strong null hypothesis is 7, = |5 5 --- 5 5], another might be
T, = 0.5 =10 --- 200 —74.25} The strong null hypothesis of no effect (which we hence-
forth refer to as the strong null of no effect) specifically postulates that 7, = 0 foralli € {1,..., N}
units—i.e., that 7, =0 0 --- 0 0]

The consistency of the observed data with a strong null hypothesis vis-a-vis an alternative is
typically assessed via p-values. To reiterate, a p-value is the probability of a test statistic at least
as extreme as the observed test statistic from the perspective of the null hypothesis: As we will
show below, the hypothetical world of the null generates, along with the known research design, the
probability distribution against which we compare our single observed test statistic. In the context
of Fisherian hypothesis tests, we can formally represent upper (p,), lower (p;), and two-sided (p;),

p-values as follows:

[/ -
puzz}l t(zj,y0j> >T| Pr (Z:zj)
7=1

I

(10) P ot

Pt = min {17 2min {puapl}} >

t (zj,y()‘j) <T|Pr (Z = zj)

where the index j € {1, cee |Q]} runs over all possible assignments in the set of assignments €2, 1
is an indicator function that is 1 if the argument [-] is true and 0 if false, ¢ (zj, y0j> is the null test
statistic (using yo, to refer to the vector of observed outcomes for the jth assignment implied by
the null hypothesis, Hy), and T is the observed test statistic.®

To provide an illustration of Fisherian p-values, we return to the example in Table 1 and
imagine that the assignment z; = [1 0011 0] happened to be the one randomly selected.
In this case, the realization of data would be as follows:

If the researcher uses the Difference-in-Means test statistic to provide a single, numerical sum-

8The expression for a two-sided p-value, p, = min {1, 2 min {pu,pl}}, comes from Rosenbaum (2010, 33) who
states that ‘[ijn general, if you want a two-sided P-value, compute both one-sided P-values, double the smaller one,
and take the minimum of this value and 1.” The rationale is that doubling a one-sided p-value compensated for, in
essence, testing twice.
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Z3 | Ye | Yt | Y8
1|7 2222
0O [8 |7 |8
0O [ 11]7?7 |11
1 |7 | 15|15
1 |7 18|18
0O ]1 |7 |1

Table 5: Realization of Data if zg were the randomly drawn assignment

mary of the observed data in Table 5, then the observed test statistic is t(z,y) = 11.6667. Let’s
assume that the researcher wants to assess the consistency of this observed test statistic with the
strong null of no effect—i.e., that 7; = 0 for all i—relative to the alternative hypothesis of a positive
effect—i.e., that 7; is nonnegative for all + and positive for at least one .

Potential outcomes are only partially observed, but the researcher can “fill in” the missing
potential outcomes following the strong null hypothesis Hy : y;; = y.; for all <. Below, we can also
show what this hypothesis implies for the observed outcomes y; recalling that v; = Z;y: i+ (1—2Z;)ye.

and writing ¥, to mean "value of y.; under H,:

Ye0,i = Yi — ZiT0;

(11)

Yo = Yi + (1 — 2;) 10,

which in the case of the strong null of no effect implies that units’ null potential outcomes and

observed outcomes are as in Table 6 below:
Zg | Ycog | Ytog | Y8

1 122 22 22
0|8 8 8
0 |11 11 11
1 115 15 15
1 118 18 18
0|1 1 1

Table 6: Null potential outcomes if zg were the realized assignment and under the hypothesis that
Yti = Y, for all 4

Considering the strong null of no effect as a model of unobserved causal relationships for the sake

of argument, the researcher knows exactly what all other possible realizations of data would look

like under each possible assignment in 2. Hence, the researcher can summarize all other possible

realizations of data under the null with the same Difference-in-Means test statistic, generating a

probability distribution of those null test statistics, and then calculate the probability of a null

22



test statistic greater than or equal to the observed test statistic of 11.6667. (See Figure 3 below.)

0.20-

0.15-

0.10-
) | | | || || || | |
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~10 0 10
Null Test Statistics

Probability

Figure 3: Distribution of Difference-in-Means test statistic under strong null of no effect when zg is the
realized assignment

In this case, the upper p-value, (p, from Equation 10), is 0.05. If the value of a had been
pre-set to a level greater than 0.05, then the researcher would reject the null. Table 1 shows that
the strong null of no effect is false (y;; # y.; for all i) and the alternative of a positive effect is
true; hence, this particular choice to reject the strong null of no effect relative to the alternative
of a positive effect happened to be a good one.

To assess whether the hypothesis testing procedure is a good one overall, we want to establish
that the test (1) has a true Type I error probability less than the « level, (2) is unbiased and (3)
is consistent. We now illustrate these three properties in turn.

A key concept in evaluating tests is the idea of the size of the test. That is, if the level of
the test is the hoped for amount of error, the size is the actual amount of error (Rosenbaum,

2010, Glossary). When the researcher tests a strong null hypothesis that is true, the « size of the
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test should always be equal to or less than the test’s « level. In other words, the Type I error
probability (or size) should fulfill that which was “promised” by the test’s significance level.

To see this point, we return to the example given in Table 1, where the true vector of individual
causal effectsis7’ = |2 4 0 5 4 3|, and Table 2 describes the 20 possible realizations of data.
When the null hypothesis, 7, is false, the potential outcomes implied by the null hypothesis will
vary depending on which data are realized. However, when the null hypothesis, 7, is true, i.e.,
when 7o = 7, the potential outcomes implied by the null hypothesis are fixed across all possible

realizations of data as shown by Table 7:

Z1 | Yeo | Yto | Y1 Z2 | Yco | Yto | Y2 219 | Yeo | Yto | Y19 Z20 | Yeo | Yto | ¥20
1 20 22 22 1 20 22 22 0 20 22 20 0 20 22 20
1 8 12 12 1 8 12 12 0 8 12 8 0 8 12 8

1 11 11 11 0 11 11 11 1 11 11 11 0 11 11 11
0 10 15 10 1 10 15 15 0 10 15 10 1 10 15 15
0 14 18 14 0 14 18 14 1 14 18 18 1 14 18 18
0 1 4 1 0 1 4 1 1 1 4 4 1 1 4 4

Table 7: Null Potential Outcomes for all Possible Realizations of Data when the Null Hypothesis is True.
The observed outcomes column, y; = yqo + z;7’.

If we set the significance level of the test to a = 0.10, then it is true by definition that the
probability an observed test statistic lies in the lower tail of its distribution is less than or equal to
0.10, and the same is true for the probability that an observed test statistic lies in the upper tail
of its distribution. Figure 4 shows the distribution of this test statistic in which both the lower

and upper tails according to a = 0.10 are shaded in red.
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Figure 4: Distribution of Observed Test Statistic. The upper and lower tails containing 10% of the area
under the curve are shaded in red.

Notice that, no matter which of the 20 possible realizations of data actually is realized, the
null potential outcomes are identical to the true potential outcomes in Table 1 and, hence, each
of the 20 possible null distributions of the test statistic are identical to the distribution of the
observed test statistic. Since all 20 possible null distributions are identical to the distribution of
the observed test statistic, the probability that an observed test statistic lies in one of the tails of
the null distribution must also be less than or equal to 0.10. This means that the probability of a
null test statistic more extreme than the observed test statistic must be less than or equal to a.

Fisherian hypothesis tests possess the property that the Type I error probability is less than
or equal to the test’s a level. Yet such a property does not imply that the power of the test is
greater than the test’s Type I error probability (i.e., that the test is unbiased). To show that a
test is unbiased relative to a specific class of alternative hypotheses, we now need to more precisely
define the alternative to the null hypothesis.

In the sections above, we have referred to causal effects by the vector 7, but now we define

the size of causal effects using the vectors of control and treatment potential outcomes, y. and yy.
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More specifically, following Rosenbaum (2002), we define a treatment effect that is “larger” than

another treatment effect as follows:

Definition 1. One treatment effect, (y.*,y+*), has a larger effect than another treatment effect,
(Ye,¥e), if and only if yi; > yui and yi < y., for alli € {1,..., N} units, where y¢* # y¢ or

' # Ve

Such an ordering of causal effects is consistent with many models of treatment effects, such as
additive, multiplicative, tobit, and dilated effects (Rosenbaum, 1999, 2002, 2010), not solely with
the model of a constant, additive effect that we use here.

We now use this formal definition of “larger effect” in terms of potential outcomes to define
a desirable property of a test statistic: “Larger” effects yield test statistic values greater than
those produced by “smaller” effects. Rosenbaum (2002, Chapter 2, Lemma 6) shows that an
“effect increasing” test statistic with respect to two possible realizations of data, (z,y) and (z,y*),
satisfies this property. Following Rosenbaum (2002), we define an effect increasing test statistic as

follows:

Definition 2. A test statistic t (-,-) is effect increasing when t(z,y) < t(z,y*) whenever y; < y:

forallie{l,...,N}:zi=1and yf <y; forallie {1,...,N}:z =0.

An effect increasing test statistic ensures that, when the null hypothesis is false and the alter-
native of a larger effect is true, each possible realization of data yields a test statistic value that
is greater than or equal to the corresponding test statistic value when the null hypothesis is true
and the alternative of a larger effect is false. To understand this property, consider the following
example in Table 8 of two possible causal effects, (yc,yt) and (yc*,y¢*), in which the former is a

null effect and the latter is a larger, positive causal effect (see Definition 1):
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Ye | Ve ye* | v
20 | 20 20 | 22
8 |8 3 12
11| 11 10 |11
10 | 10 10 |15
14 | 14 9 |19
1|1 1 |4

Table 8: No Causal Effect (left table, (yc,yt),) and a Positive Causal Effect (right table, (yc*,yt*)).

Regardless of whichever 3 out of the 6 units are assigned to treatment in z, the larger causal
effect, (y.*,y¢*), will always yield a greater value of the observed outcome y; for all treated units
than the outcome we would see with the same z in the no causal effect state; and we would also
see a smaller value of y; for all control units than what we would see in the no causal effect state.
Table 9 shows that an effect increasing test statistic ensures that the observed test statistic of a

larger effect is always greater than or equal to the observed test statistic of a smaller effect.

No Effects | Positive Effects
Z | t(Z,Y) t(Z,Y")
Z) 4.67 8.33
Zo 4.00 9.67
Z3 6.67 10.67
Zy -2.00 3.00
Zs 6.00 11.67
Zg 8.67 12.67
Z7 0.00 5.00
Zg 8.00 14.00
Zg -0.67 6.33
Z19 2.00 7.33
VAR -2.00 2.67
Z19 0.67 3.67
Z13 -8.00 -4.00
Z14 0.00 5.00
Z15 -8.67 -2.67
Z16 -6.00 -1.67
Z17 2.00 7.00
VAR -6.67 -0.67
Z19 -4.00 0.33
VYN -4.67 1.67

Table 9: Observed mean-difference test statistics under all possible assignments for both a no-effects and
positive-effects true causal effect.

In addition to the property that increasing causal effects map monotonically onto increasing
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test statistics, we also want the p-values for tests of the null hypothesis when the null is false
and the alternative is true to be smaller compared to the p-values when the null is true and the
alternative is false. An effect increasing test statistic also suffices for this property (For a formal
proof, see Rosenbaum, 2002, Chapter 2, Proposition 5.)

Table 10 shows that, for all zy,..., 29, the p-value of the strong null of no effect when the

positive effect, (y.*,y¢*), is true is less than or equal to the strong null’s p-value when no-effect,

(Ye, ¥t ), is true:

No-Effects Positive Effects
Z | P-Value for (y.,y¢) | P-Value for (y.*, y*)
71 0.25 0.20
Zo 0.30 0.10
73 0.15 0.05
74 0.70 0.40
Zs 0.20 0.10
Zg 0.05 0.05
Z7 0.55 0.40
73 0.10 0.05
Zg 0.60 0.35
Z10 0.40 0.20
VAR 0.70 0.45
VAD) 0.45 0.30
713 0.95 0.90
Z14 0.55 0.30
Z15 1.00 0.80
Z16 0.85 0.65
Zi7 0.40 0.25
713 0.90 0.80
Z19 0.75 0.65
790 0.80 0.60

Table 10: Comparing p-values for tests of the strong null of no effect when no effects are true ((ye,yt))
and false ((yc*, yt*))-

We have just shown that Fisherian tests using effect increasing test statistics are unbiased:
They provide more evidence against false claims than against true claims. In addition to being
unbiased, Fisherian tests are consistent. That is, as the size of the study population grows toward
00, while other factors remain constant, the power of the test tends to 1. Returning to the example

in Table 1, notice that the probability of a p-value less than « increases along the sequence of finite
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populations of increasing size given in Table 3. For example, with an « level of o = 0.10, Figure 5

shows that the probability of a p-value less than a = 0.10 grows greater and greater:

h=1 h=2 h=3
0.15- ' ' '
’ 1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
0.10- |4 : :
> | 1
§ 1 1
o) | |
_g 1 1
(@) | |
a I I
1 1
0.05- 1 1
I
1

1 ! 1 1 1 1 1 1 1 1 1 1 ! 1 1 1 1
0.00 025 050 0.75 1.000.00 0.25 050 0.75 1.000.00 0.25 0.50 0.75 1.00

P-Value

Figure 5: Distribution of Fisherian p-values for test of strong null of no effect under all realizations of
data as the size of the experimental pool grows from or one copy of the study, h =1 (n = 6));
to two copies of the study, h = 2 (n = 12); to three copies of the study, h = 3 (n = 18).

Figure 5 shows that when the study population size grows from 6 to 12 to 18 units, while
all other factors are held constant, the power increases from 0.15 to roughly 0.2933 and 0.3741,
respectively. In general, as the population size increases along the sequence given in Table 3, the
power of the test of the strong null of no effect will tend to 1. In other words, as we draw upon
more and more data, we reject a false null with greater and greater probability.

We used the Difference-in-Means as a test statistic for our example data to demonstrate the
properties of Fisherian hypothesis tests in randomized experiments. We could have shown the
same properties using rank-based test statistics or standardized mean differences or many other
functions of treatment and outcomes. All of those test statistics have the effect increasing property,

and so would yield unbiased and consistent tests of strong null hypotheses. In fact, one of the
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challenges of Fisherian testing is its flexibility in terms of test statistics. We do not engage with
those decisions here, but encourage interested readers to see (Rosenbaum, 2010, Chapter 2) for
some discussion, as well as ? and Bowers et al. (2013); ? for examples of using this flexibility to
assess substantively interesting hypotheses about pareto optimal causal effects or the propagation

of causal effects on networks, respectively.

4.3 Hypothesis Testing in the Neymanian Tradition

While Fisherian tests allow the use of many different kinds of test statistics, Neymanian hypothesis
tests are much more closely related to the estimation of mean causal effects (see Section 3). In
any given study, one can observe only a single estimate. However, a researcher can postulate
(provisionally for the sake of argument) a weak null hypothesis, Hy : 7 = 7y, relative to some
alternative hypothesis, such as H, : 7 > 7y and subsequently assess the probability of an estimate
more extreme than the estimate the researcher actually observed if the weak null hypothesis were
true. Such Neymanian hypothesis tests differ from Fisherian tests in several fundamental ways:
Neymanian hypothesis tests (1) hypothesize about the mean causal effect, not the individual
causal effect for each unit in the study; (2) require that the Difference-in-Means estimator be
unbiased such that a hypothesis about the mean causal effect implies the same value for the mean
(i.e., expected value) of the estimator; (3) require that the researcher estimate the variance of the
Difference-in-Means estimator (recall that the distribution of the test statistic in the Fisherian test
is known under random assignment); and (4) make the assumption that the Difference-in-Means
estimator is well approximated by a Normal distribution and, hence, that the estimator rescaled

via the z-score is well approximated by a standard Normal distribution.
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We can see points (1) — (4) by looking at the common expressions for Neymanian p-values:

puzl_q) i
&2
T — T
=
(12) P =
n=2|1-a 7l |
o2

where T is the familiar Difference-in-Means estimator (from Section 3) now interpreted as a test

2

7

statistic, not an estimator, 62 is the conservative variance estimator (also from Section 3) now
used to describe the reference distribution for a null hypothesis rather than the precision of an
estimator, 7y is a weak null hypothesis and ® (-) is the standard Normal CDF.

The expressions in Equation 12 return the probability of an estimate at least as extreme as
the observed estimate if the weak null hypothesis, 7, were true. Notice, though, that Equation 12
assumes that the Difference-in-Means test statistic is well approximated by a Normal distribution
and, hence, that the z-score is well approximated by a standard Normal distribution. In addition,
the weak null hypothesis, 7y, is technically a claim about the mean of the Difference-in-Means
test statistic, which we can denote by E, [7%] . However, because the Difference-in-Means estimator
is an unbiased estimator, its expected value is always equal to the mean causal effect; this is
why we use Ty in Equation (12) rather than E, [ﬂ Finally, note that the true variance of the
Difference-in-Means test statistic is unknown, but the Normal CDF requires two arguments—a
value for the mean and a value for the variance—to assign a probability to estimates as least as
extreme as the observed estimate. Rather than postulate a hypothesis about the variance of the
estimator, like one does for the mean of the estimator, Neymanian tests “plug in” an estimate from
the conservative variance estimator to calculate a p-value via the standard Normal CDF.

In many situations, we can easily justify the assumption that the null hypothesis reference dis-

tribution using the Difference-in-Means test statistic is well approximated by a Normal distribution.
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The finite population Central Limit Theorem (CLT) (see Li and Ding, 2017) and associated theory
(see Hoglund, 1978) implies that (under certain regularity conditions) the limiting distribution
of the Difference-in-Means test statistic is Normal. Figure 1 shows that the Difference-in-Means
test statistic looks more and more Normal as the study size increases while other factors remain
constant. The Difference-in-Means test statistic is indeed asymptotically Normal and the p-values
in Equation 12 are all asymptotically valid—i.e., as N grows toward oo, the probability of a Type
I error is less than or equal to the « level of the test.

However, in small experiments in which the Difference-in-Means test statistic is poorly approx-
imated by a Normal distribution, tests of a weak null hypothesis relative to an alternative may
have either a Type I error probability greater than the test’s « level (when the null is true) or
low power (when the null is false). Table 5 and Figure 3 demonstrate this point — in which the
assignment zg happened to be the one randomly drawn by the researcher. In this example, the
observed Difference-in-Means test statistic is 11.6667 and the conservatively estimated variance is
10.3111. If we were to test the weak null hypothesis of no effect, i.e., that 7y = 0, against the

alternative hypothesis that 7, > 0, then the upper, one-tailed p-value would be as follows:

11.6667 — 0
1 11— —2 ")) =012
(13) ( ( 10.3111 )) 01289,

which yields a higher p-value than the upper p-value we calculated via the Fisherian test of the
strong null of no effects (which was p= .05).

In general, if we were to calculate an upper p-value for a test of the weak null over all 20
possible realizations of data, Figure 6 shows that the power of the test is low. In fact, with an
a level of 0.10, the power of the test of the weak null against the alternative of a positive mean
causal effect is 0—i.e., the probability of calculating a p-value less than or equal to « is 0.

In this particular case of a small experiment, we can see that the Neymanian hypothesis test has
low power, lower than a Fisherian hypothesis test of the strong null of no effect — not shown here,
but implied from the fact of at least one p-value less than 0.1 as shown by Figure 3 (which implies
the same weak null of 7y = 0 that we used in the Neymanian test). For the same reason, even

though Neymanian tests are asymptotically valid, they are not necessarily valid in small studies.
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Figure 6: Distribution of Neymanian p-values under all realizations of data

An additional implication of the differences between Neymanian and Fisherian hypothesis tests
is that the former is consistent”, but is not necessarily unbiased in finite contexts, even when the
Difference-in-Means test statistic is well approximated by a Normal distribution. For intuition on
this point, note that, when the alternative of a larger effect is true and the null of no effects is
false, the Difference-in-Means test statistic will yield values that are systematically larger than
the values it would produce if the null of no mean effect were true — larger causal effects leads
to larger test statistic values. Yet the alternative of a larger effect could be such that, when it
is true, the variance estimates are systematically larger than what the same variance estimates
would be when the null is true — for example, if a positive mean causal effect is caused by a few

outliers that react strongly to treatment. Since the z-score scales the Difference-in-Means estimates

9 Although we know of no paper that provides a direct proof, we can see this property indirectly from Wu and
Ding (2018) and Lin (2013). In their discussion of Theorem 1, Wu and Ding (2018, 8) state that “[a]n appealing
consequence of these facts is that the FRT [Fisher randomizaton test] has power.” We thank Jason Wu and Peng
Ding for pointing out that they could have said instead that the power of the test under a fixed alternative goes to
1 as the study size increases (i.e., that the test is consistent).
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by the variance estimates, the systematically greater variance estimates when the alternative is
true could yield smaller z-scores (and, hence, larger p-values) compared to when the null is true.
Hence, Neymanian hypothesis tests of weak causal hypotheses are not necessarily unbiased in finite
contexts, even when the assumption of Normality holds. For more on Fisherian versus Neymanian
hypothesis tests, see Ding (2017), as well as the discussion from Aronow and Offer-Westort (2017),
Chung (2017), Bailey (2017) and Loh et al. (2017).

Up to this point, we discussed the role that research design plays in the quality of procedures
for causal inference—estimation and testing. To simplify exposition, we have been referring to
situations where the researcher completely controls and, hence, knows the research design. We
now consider situations in which the researcher does not control or only partially controls the

research design.

5 Partially Controlled Research Designs: Noncompliance and Attrition
We refer to designs with imperfect compliance and/or attrition as partially controlled designs in
that the researcher does control the probability distribution on the set of possible assignments,
but does not control whether units actually comply with the assigned treatment or whether units
report their outcomes. Causal inferences in such partially controlled designs often require more
assumptions to make causal inferences, which are typically defined no longer on the whole study

population, but a specific stratum of units in the study.

5.1 Noncompliance

Noncompliance occurs when units who are assigned to receive treatment or control do not actually
receive it, where the random variable D; € {0,1} is an indicator variable for whether unit ¢ has
received or not received the assigned treatment. We are often substantively interested in the causal
effect of actual receipt of treatment, not its mere assignment. Under complete, uniform random
assignment, we have shown above that the probability that Z; = 1 is identical for all e =1,..., N
units. Yet we're interested in the causal effect of D; and since D; is an outcome of Z; (i.e., measured
after Z;), the probability that D; = 1 is no longer identical for all units. Hence, a naive estimator
of the difference in observed outcomes between those who did and did not receive the treatment

(i.e., the per-protocol estimator) is not necessarily unbiased.
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Since whether or not units actually receive (or comply with) the treatment is an outcome
variable measured after assignment, we can define units’ compliance status in terms of their unob-

servable potential outcomes:

zz=0 z =1 Stratum

dei =1 di; =1 Always-Taker
dc,z =0 dtﬂ; =1 Complier
dei=1 di; =0 Defier

de;i =0 dy; =0 Never-Taker

Table 11: Compliance Strata

Notice that the probability that D; = 1 for an Always-Taker is 1 and the probability that
D; = 1 for a Never-Taker is 0. The only types of units for which the probability that D; = 1
remain identical and on the interval (0,1) are Compliers and Defiers.

Angrist et al. (1996) show that scholars can consistently estimate the mean causal effect among
Compliers under three further assumptions in addition to SUTVA and a uniform probability dis-
tribution on the set of assignents, €2, which is sometimes referred to as the exogeneity of the
instrument, Z. These three assumptions in addition to SUTVA and uniform random assignment

are:

1. Exclusion restriction—i.e., the instrument affects the outcome only through the receipt of

treatment;
2. No Defiers—i.e., that there are no units for which d.; =1 and d;; = 0;

3. At least one Complier—i.e., there exists at least one unit in the study for which d.;, = 0 and

dtﬂ‘ - 1

To see this point, note that one can write the mean causal effect as a sum of the causal effects

among the four strata above weighted by the proportion of units in each stratum:

T = 0arTar + 0cTc + OpTp + ONTTNT,

where d;, 75 s € {AT,C, D, NT} represent the mean causal effect in each stratum and the

proportion of units in that stratum, respectively.
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By the exclusion restriction assumption, the causal effect of Z on Y must be 0 for Always-
Takers and Never-Takers (i.e., 047 = 0 and dyr = 0). And by the assumption of no Defiers, the

proportion of Defiers, mp, is 0. Hence, the mean causal effect among Compliers is

= 0cTe

7_—
,7__
—_ :607
Ure;

i.e., that the mean causal effect on all units scaled by the proportion of Compliers is equal to the
mean causal effect among Compliers.

We showed in Subsection 3.1 above that, under complete, uniform random assignment, the
Difference-in-Means estimator is unbiased regardless of the distributions of potential outcomes.
Both Y and D are outcomes of Z; hence, the Difference-in-Means estimators of 7 (Z,Y) and
7 (Z,D) unbiasedly estimate 7 and 7¢, respectively. The Wald (or IV) estimator (Wald, 1940),

which is also sometimes referred to as the Bloom estimator (Bloom, 1984) or the CACE (Complier

S

(2v)
(zD)

ratio of these two unbiased estimators. This ratio estimator consistently, though not necessarily

Average Causal Effect) estimator (Gerber and Green, 2012), is defined as = . In short, it is the

Bl

unbiasedly, estimates % (see Angrist and Pischke, 2008, Sections 4.6 — 4.7).

A design based test of the hypothesis of no mean causal effect among Compliers is difficult due
to the absence of an analytic expression for the variance of the CACE ratio estimator. (For more
on this topic, see Imbens and Rosenbaum, 2005; Kang et al., 2018). On the other hand, tests of
the null hypothesis that the causal effect is 0 for all Compliers is relatively straightforward.

The null hypothesis of no causal effect among Compliers implies the strong null of no effect
under the assumptions of the exclusion restriction and no Defiers. Since these two assumptions
jointly imply that the individual causal effect of assignment is 0 for all Always-Takers and Never-
Takers, and that there are no Defiers, then no causal effect among Compliers implies no causal
effect among all units. For example, let’s imagine that (like in Table 5) zg were the assignment that
the researcher happened to randomly draw, except that now we observe the following imperfect
compliance as shown in Table 12:

We know that if d;; = 0, then, by the no Defiers assumption, that unit must be a Never-Taker.
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Zs | Ye | Ye | ys | ds | de | d¢
11?7 (2212210 |? |0
08 |2 |8 |0 |0 |?
0 [11]? |[11]0 |0 |?
11?2 [15]15]1 |2 |1
11?2 [18]18[0 [? |0
0 (1 |2 |1 |1 |1 ]2

Table 12: Realization of Data if zg were the randomly drawn assignment

And if d.; = 1, then, by the same assumption, that unit must be an Always-Taker. We don’t
know, however, whether treated units for which d; = 1 are Compliers or Always-Takers and we
don’t know whether control units for which d. = 0 are Compliers or Never-Takers. Yet under the
null hypothesis of no causal effect among Compliers, the individual causal effect is 0 regardless of
whether a given unit is a Complier, Always-Taker or Never-Taker. Hence, we can fill in missing

potential outcomes without knowing those units compliance strata as follows:
z3 | ye | ye | ys | ds | de | dg

1 12212212210 |0 |0
O [8 |8 |8 |0 |0 |7
O |11 |11{11|{0 |0 |7
1 (1515151 |7 |1
1 118181180 |0 |0
o1 |1 |1 |1 |1 |1

Table 13: Potential outcome under strong null of no effect if zg were realized assignment

One can now use an effect increasing test statistic, such as the Difference-in-Means test statistic,
to test the hypothesis of no Complier causal effect against either the alternative of a positive
Complier causal effect or a negative Complier causal effect. Hansen and Bowers (2009) present
an application of this idea in the context of the one-sided compliance in a cluster-randomized
get-out-the-vote campaign with a binary outcome — replacing what would be a complex two-
stage logistic multilevel model with a relatively simple Fisherian hypothesis test. And Imbens and
Rosenbaum (2005) show how the Fisherian approach produces valid confidence intervals when the
Neyman-style approach using two-stage least squares fails to control the false positive rate when
the instrument is weak (i.e., there are few Compliers).

Under the assumptions of the exclusion restriction and no Defiers, we do not need to know
which units are Compliers in order to assert the hypothesis of no Complier causal effect. However,
if one were to posit a hypothesis other than no Complier causal effect, then one would also need to

also posit some hypothesis about which units are Compliers and which are not. Hypothesis testing
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with imperfect compliance is therefore more complicated when testing hypotheses other than that
of no Complier causal effect. (For more on Fisherian approaches to instrumental variable analysis,

see Kang et al., 2018; Rosenbaum, 1996, among others.)

5.2 Attrition, or Missing Outcomes

Our second step away from the ideal case of complete control over the research design is to allow for
the possibility of missing outcomes. Let 7;; be an indicator, i.e., r;; € {0,1}, for whether subject
i would respond to an attempt to measure an outcome and let r.; € {0,1} be an indicator for
whether subject ¢ would respond if assigned to control. We can represent whether an individual’s

outcomes are missing or not based on Equation 14:

Yei + [Yti — YeilZi R =1
(14) Y; =

NA if R, =0,

where R; = Zyry; + (1 — Z;) 1.

From Equation 14 above, we can see that if R; = 1, then the researcher will observe y,; for unit
i if Z; = 0 and y; for unit ¢ if Z; = 1. By contrast, if R; = 0, then Y; will be unobserved—i.e.,
NA.

We can define four distinct strata of subjects with regard to attrition in order to help us
understand how attrition can affect the properties of estimators and hypothesis tests. Just as we
focused on a subgroup of units in the case of uncontrolled compliance, we can only infer the causal

effects on certain subgroups when outcomes are missing (even when assignments are randomized).

Z; = z; =1 Stratum

re =1 14=1 Always-Reporter

rei =0 1y =1 If-Treated-Reporter
re =1 1y =0 If-Untreated-Reporter
re; =0 1y =0 Never-Reporter

Table 14: Attrition Strata

In the context of attrition, can we define a set of assumptions, as we did under imperfect

compliance, in which estimators and tests satisfy the properties they should on some subset of
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the experimental data? It turns out that we can do so only if whether or not a unit attrits
is independent of treatment assignment. Without further assumptions, we know only that the
random variable R; is independent of the random variable Z; among only Always-Reports and
Never-Reporters.'” Therefore, if we assume that all experimental units belong to one of these two
types, then our estimators and tests maintain the properties they should among the set of Always-
Reporters.!  (We cannot observe outcomes for Never-Reporters and, hence, cannot estimate or
test hypotheses about causal effects on units who are Never-Reporters.) On this set of Always-

Reporters, one can estimate causal effects, as well as test strong or weak causal hypotheses as we

did above.

6 Uncontrolled Research Designs: Observational Studies

In this section, we finally relax the assumption that the researcher has control over how the treat-
ment variable is assigned. The key distinction between experimental and observational studies
is that in a randomized experiment, the researcher knows the probabilities with which units are
assigned to treatment and control conditions; however, in an observational study, the researcher
observes units only after they have selected into study conditions with unknown probabilities.
How, then, is one to generate statistical inferences using estimators and tests focusing on causal
effects when the probability distribution on the set of assignments, (2, is unknown? A common
design-based approach to this problem is to define units’ treatment assignment probabilities as an
unknown function of a set of baseline covariates. In the ideal (and often unattainable case), by
appropriate conditioning on these baseline covariates, the researcher can estimate and test hypothe-
ses about causal effects via procedures that meet the desirable properties described at the outset
of this chapter. Much of the work on observational studies emphasizes appropriate conditioning
on baseline covariates, as well as methods to diagnosis the success of such conditioning strategies

(e.g., Hansen and Bowers, 2008; Hartman and Hidalgo, 2018, among others). Realistically, the

ONote that R; is independent of Z; if and only if the probability that R; takes on any value in its sample space
does not vary conditional on any value that Z; takes on in its sample space—i.e., that Pr (RZ' =112Z;= 1) =
Pr (Ri =1|Z;= O) and Pr (Ri =01]2Z;= 1) = Pr (Ri =0|Z;= 0). The only two types of subjects who satisfy
such independence are Always-Reporters and Never-Reporters.

1 Other approaches to estimation and testing relax the assumption that outcome missingness is independent of
treatment assignment and devise procedures that bound inferences about treatment effects under best- or worst-
case scenarios, e.g., “trimming bounds” and “extreme value bounds” (Lee, 2009; Manski, 1990).
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design-based approach in observational studies might be called an “as-if-randomized” approach:
For example, a researcher might make choices about comparison groups such that, within group,
treatment selection appears random.

The model of an observational study states that units are individually assigned to treatment or
control by N independent, but not necessarily identically distributed, coin tosses. More specifically,
foralli € {1,..., N} units, we let Pr (Z; = 1) be equal to A (x;) where A (+) is an unknown function
and x; is unit 4’s fixed vector of baseline covariate values. Even if we don’t know A (), if x; = x; for
any two units i and j # i, then it follows that Pr(Z; = 1) = Pr (Zj = 1). Of course, we still don’t
know the function A (-) and, hence, don’t know the actual values of Pr(Z; = 1) and Pr (Z; = 1);
we know only that these two values are equal. Therefore, if we construct a block, b, that consists
of units ¢ and j # ¢, then each possible assignment within that block has an equal probability of
realization. And if each possible assignment has an equal probability, then an observational study
can be analyzed as if it is a uniform, block randomized experiment. (For more on the analysis of
block, randomized experiments, see Gerber and Green, 2012, Chapter 4.) This approach allows
us to avoid directly estimating A (-), although there are alternative approaches that do so and
subsequently use these estimated values (known as estimated propensity scores) as a basis for
inference (see Robins et al., 2000).

Scholars can therefore attempt to make an observational study as experiment-like as possible
by creating matched blocks on the basis of observed covariates that determine units’ treatment
assignment probabilities. A range of matching algorithms exist to improve covariate balance and,
hence, make observational studies like experiments as much as possible (at least on the basis of
observed covariates). For more on this topic, see Hansen (2004), Diamond and Sekhon (2013), Savje
et al. (2017) and Zubizarreta (2012) among others. After matching (or perhaps weighting or non-
parametric modeling) and favorable comparisons with actually randomized designs, researchers
then must confront the fact that their observational studies are not randomized studies. This

leads directly to the topic of sensitivity analyses.
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7 Sensitivity to Assumptions in Uncontrolled Research Designs
Thus far, we have considered cases in which either the probability distribution on 2 is known by
random assignment or units’ assignment probabilities are a function of only observed covariates.
But in an observational study, we rarely know, let alone observe, all relevant covariates. We
now consider deviations from the assumption that units’ assignment probabilities are determined
by only observed covariates and subsequently assess how one’s inferences would change under
violations of this assumption.

A powerful, design-based framework for such a sensitivity analysis is given by Rosenbaum
(2002). Before explaining this framework, we need to define a few additional terms. First, the

treatment odds for unit i € {1,...,N} is (lf—’m), which is simply the ith unit’s probability of
assignment to treatment divided by that unit’s probability of assignment to control. The treatment
odds ratio for any two units ¢ and j # ¢ is simply the ratio of the ith unit’s treatment odds and
the jth unit’s treatment odds. If units’ treatment odds are a function of only observed covariates
and the researcher is able to obtain balance on all of these observed covariates, then the treatment
odds for units 7, j # i : x; = x; is identical and their treatment odds ratio is 1.

Rosenbaum (2002) considers what would happen when units’ treatment odds are a function
not only of observed covariates, x, but also an unobserved covariate u. Under the assumption of

a logistic functional form between all units’ treatment odds and baseline covariates, as well as the

constraint that 0 < u < 1, one can write the treatment odds of the 7th unit as follows:

m = exp {’f (x;) + 7%‘}

log ((1——17T1)> = K (x;) + yui,

where & (-) is an unknown function and 7 is an unknown parameter, and the the treatment odds
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ratio for units ¢ and j is:

(121) exp {r(x) +yu}
<1er> exp {/4; (x5) +’yu]~}
= exp {(m (xi) + yu;) — (FL (%) + fyuj)} .

If x; = x;, then k (x;) = & (Xj) and, hence, the treatment odds ratio is simply:

exp {7 (s — ;) }

Since w;, u; € [0,1], the minimum and maximum possible values of (uZ — uj) are —1 and 1. There-
fore, the minimum and maximum possible values of the treatment odds ratio are exp {—v} and
exp {v}. After noting that exp {—~} = @, we can bound the treatment odds ratio between 7

and j as follows:

(15) — < E; <o (7}

—7;

We can denote exp {7y} by I' and subsequently consider how one’s inferences would change for
various values of T'.

For example, let’s say that a researcher obtains balance via stratification on all observed
covariates—such that the design closely resembles a uniform, block randomized experiment—and
subsequently tests a strong null hypothesis under the assumption that all units’ treatment odds are
identical. Now the researcher considers deviations from this assumption. Different assumptions
about u and « imply differing probabilities of possible assignments, which, as Rosenbaum (2002,

Chapter 4) shows, can be represented by:

exp {7yz'u} _ B exp {rz'u}
Yscaexp{yzu} 33 gexp{yzu}

(16) Pr(Z=1z) =

One conservative approach for calculating such probabilities would be to assume that, within
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each matched set, the value of u for all treated units is 1 and the value of u for all control units
is 0. Hence, the treatment odds ratio of treated units to control units within each matched set
is exp{7}. Now if the researcher were to assume that I' = 2, then such an assumption would
imply that v = log (2) ~ 0.6931. Now the researcher can calculate the probability of each possible
assignment in () using Equation 16. Notice that in this sensitivity analysis, the only random
quantity is Z. Potential outcomes are still fixed and the researcher can test any strong null
hypothesis; however, under such a sensitivity analysis, p-values will be calculated based on the
probabilities of each assignment given in (16) above.

To return to the working example from Table 1, let’s imagine that the realized assignment
was zg, which yielded an observed test statistic of 11.6667 and a p-value of 0.05. (See Figure 3
above.) We calculated that p-value under the assumption that all units had identical probabilities
of assignment, i.e., that I' = 1 for all 7 and j. If we were to relax that assumption and assume, for
example, that I' = 2, then the p-value would increase. Figure 7 illustrates how the respective null

distributions would differ under I' = 1 and I = 2, respectively:
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Figure 7: Distributions of Difference-in-Means test statistic under strong null of no effect when zg is the
realized assignment under (a) a model where an unobserved covariate has no effect on odds of
treatment, I' = 1, and (b) a model where an observed covariate doubles the odds of treatment,
I'=2.

Notice that under I' = 1 and I" = 2, the observed test statistic remains fixed at 11.6667. The
set of 20 null test statistic also remains fixed for I' = 1 and I" = 2. The value of I" changes only
the probability associated with each of the null test statistics. As we can see, when I' = 1, the
p-value is 0.05, but when I' = 2, the p-value increases to approximately 0.1270. The researcher is
no longer able to reject the strong null of no effect at a level of @ = 0.10 when I' = 2 compared to
when I' = 1, and this is one way in which researchers can assess the sensitivity of their inferences
to assumptions about the research design.

This approach is not the only way to formalize the impact of the assumptions underlying the
"as-if randomized” research designs used for causal inference when researchers have little to no

control over the selection process of the main explanatory variable. See also ? for an approach

focusing on regression coefficients and regression based adjustment as well as an application by ?
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of ideas like these to problems in international relations.

8 Conclusion
Statistics and research design help us learn about general and abstract social science theory using
concrete and specific observations. Observation helps us learn about theory, but observation occurs
using the tools of research design and observations are summarized, described and interpreted using
the tools of statistics. In fact, we have shown that certain, counterfactual causal quantities can
never be directly observed, and that our ability to report with confidence about such unobserved
causal effects depends heavily on statistical tools, which, in turn depend on research design for
their operation. The persuasiveness of claims about links from estimate or p-value to unobserved
causal effect specific to a fixed pool of units to general theory depend on the clarity of each step.
At the most nitty-gritty level, we want our tools to work well — our estimators and tests should
err in known and controlled manners, and should err rarely.'> We have asked: “How can we
know that tools do the work that we want them to do?” And we have shown how to use the
facts of research design to answer that question and to justify use of these common tools. This
means that when we want to persuade an audience that our findings support a given theory (or urge
modification of it), we do not need our audiences to believe that (a) we have a random sample from
a well-defined population, (b) that the outcome arises from some known probability process (like a
Normal or Zero-Inflated Poisson disribution), (¢) that the treatment or selection process relates to
background covariates in some known (often linear and additive) fashion. Instead, in a randomized
experiment, we ask that a reader believe that our research design correctly describes the physical
processes that occurred in the research (a request that is no hard to verify and assess). In an
observational study, we ask readers to agree that the as-if randomized approach is reasonable (and
we present direct evidence comparing observational designs to randomized experiments in order to
make the provisional as-if randomized approach easier to grant).

In explaining about reliable procedures, we have used a very simple set of examples. Our
simplifications include the use of only two experimental conditions (treatment and control); yet

the general modes of inference described in this chapter can be straightforwardly applied to factorial

12We did not assess tools like randomizers or sampling schemes in this paper, but those tools are equally important
in the effort to advance theory through observation.
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experiments and other contexts with multiple treatments (see Dasgupta et al., 2015). A second
such simplification has been the Stable Unit Treatment Value Assumption (SUTVA) (Cox, 1958;
Rubin, 1980, 1986), which, in the case of a binary treatment variable, implies that all units have
only two potential outcomes. Yet both estimation (see Aronow et al., 2017; Hudgens and Halloran,
2008) and testing (see Bowers et al., 2013; Rosenbaum, 2007; ?) are possible when units have
more than two potential outcomes due to interference between unit, for example, in the context
of experiments on networks. Third, we have focused on randomized experiments, and only briefly
pointed to the strategy of “as-if randomized” approaches to estimation and testing in observational
studies. We explained that such approaches, when paired with sensitivity analyses, can enable
persuasive statistical inferences about causal effects when the researcher lacks control over the
design. That is, once an observational research design compares favorably to the standard of an
equivalent experiment (the way that a matched-design can be compared to a block-randomized
experiment), statistical inference about causal effects can use the same procedures, provisionally
justified in the same way, as in a randomized experiment if also followed by a sensitivity analysis.

This focus on the basics — on ensuring that our statistical tools do what they should — leaves
larger questions unexplored. For example, some researchers would prefer to make inferences about
not only counterfactual causal effects among units in a given study, but also about future units
in data contexts that differ from the one under study. One might desire unbiased and consistent
estimators, as well as valid and powerful tests, not only based on the research design generating the
data collected here and now, but also for unknown future research designs guiding data collection
elsewhere and at other times. Forecasting causal effects is an active research area. For only a
few recent works on the topic, see (????7?). Whether or not a researcher or policy-maker would
like a formal forecast of the causal effects of an intervention from one study to a new context (in
time, space, and/or units), information provided by a single study to the motivating theoretical
question still depends on the reliability of the tools used to conduct and analyze the study. We
have focused on showing how the reliability of such procedures is based on the research design itself
and leave questions about the properties of procedures for forecasting causal effects as a separate

yet important topic.
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Design-based causal inference emphasizes inferring a counterfactual quantity, not a quantity
in a population or of an outcome generating model. Such an emphasis arises naturally from a
wide range of social science research contexts, such as when (1) units are not a random sample
— for example, when the units are administrative units like schools or countries or convenience
samples arising without a known chance process; or (2) probability models of outcomes—and their
structural relationship to explanatory variables—are difficult to write or justify — for example,
when an outcome can be plausibly modelled by multiple different likelihood functions. In such
contexts, simple comparisons based on the research design can advance social science theory and
avoid debates about data models. When strong theory generates clear probability and structural
models, then a model-based justification for statistical inference might be preferred, although we
would want such modes of inferences to satisfy the same properties discussed in this chapter:
Tests should not mislead and estimators should produce estimates close to the truth. The model-
based approach to showing whether these characteristics hold is well described in most statistics
textbooks, and we recommend ? for an overview.

A general question nevertheless remains: Are design-based procedures better or worse than
model-based procedures for advancing social science theory or policy learning? Design-based in-
ference is simple, easily interpretable and can ensure that estimators and tests are reliable based
on few assumptions, where the assumptions tend to be easily defended in terms of the known
features of the research design. But does design-based inference possess reliable properties only
for narrowly defined research questions? To be sure, there is nothing intrinsic to design-based in-
ference that requires scholars to use only specific estimators that focus only on specific estimands,
such as mean causal effects, or to test only certain hypotheses about no causal effects instead of
others. And, although we did not show it here, it is straightforward to assess the properties of
non-standard estimators and tests by representing the research design and simulating from it (see
?, for an example of a framework for simulation based assessment of estimators and tests). For
only one example of the flexibility of design-based approaches, imagine that we wondered whether
a certain non-linear structural model well described a relationship between a causal driver (like

an experimental treatment) and an outcome. In this case, Bowers et al. (2013); ? show how the
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evidence against structural models of unobserved potential outcomes can be generated and hypoth-
esis tests can be created. That is, there is nothing about design-based approaches which precludes
the use of structural models. That said, often a clear difference of means can teach enough about
a complicated structural theory such that there is no need to complicate the research design or
statistical inference tasks. In the end, all else equal, reliable procedures advance scientific knowl-
edge more than unreliable procedures do. For this reason, one of the benefits of engaging with
design-based inference is that it brings clarity to the task of judging and choosing our statistical
tools and provokes us to directly confront and grapple with the conditions under which evidence

can be reliably interpreted as evidence for or against causal claims.
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